Introduction
For T 0, by applying Arthur's analytic truncation T to the constant function
on G(F )\G(A)
1 , we obtain a characteristic function of a compact subset F(T ) of G(F )\G(A)
1 . The aim of this paper is to give a general formula for the volume of F(T ), which is an exponential polynomial function of T . Consequently, by letting T → ∞, we obtain a new way to evaluate the volume of fundamental domain for G(F )\G(A)
1 . While F(T ) seems to be quite arbitrary, its volume admits beautiful structures: (i) Surprisingly enough, the coefficients of T are special values of zeta functions.
(ii) The volume is an alternating sum associated to standard parabolic subgroups.
((ii) is suggested by geometry -after all, F(T ) is obtained from G(F )\G(A)
1 by truncating off cuspidal regions which are known to be parametrized by standard parabolic subgroups.)
Besides all basic properties of Arthur's analytic truncation, our method is based on a fundamental formula of Jacquet-Lapid-Rogawski on an integration of truncated Eisenstein series associated to cusp forms. Their formula, an advanced version of the Rankin-Selberg method, is obtained using the so-called Bernstein principle via regularized integration over cones.
Arthur's truncation and integral of truncated Eisenstein series
Let G be a reductive group and P = MN be a parabolic subgroup. Fix a good maximal compact subgroup K ⊂ G(A) such that the Iwasawa decomposition G(A) = N (A)M (A)K holds. Then under suitable normalization of Haar measures, we have
An element T ∈ a 0 is said to be sufficiently positive and denoted by T 0 if for all α ∈ ∆ 0 , α, T 0 are large enough. Fix such a T . Let φ : G(F )\G(A) → C be a smooth function. We define Arthur's analytic truncation T φ (for φ with respect to the parameter T ) to be the function on G(F )\G(A) given by
where φ P denotes the constant term of φ along with the standard parabolic subgroup P ,τ P is the characteristic function of the so-called positive cone in a P , and H P (g) := log M m P (g) is an element in a P . (Sinceτ P (λ) depends only on the projection λ P of λ in a P , it does not matter whether we view H P as a map onto a P or a map to a 0 .) Fundamental properties of Arthur's truncation may be summarized as
. For a sufficiently positive T in a 0 , we have
T is self-adjoint,
Denote by F(T ) the compact subset of G(F )\G(A) 1 whose characteristic function is given by T 1 of (4).
(by (3) again since φ is of moderate growth and
Recall the following formula of Jacquet-Lapid-Rogawski.
Theorem 3 ([JLR, Corollary 17]). Let P = MN be a parabolic subgroup and let (M, σ) be a cuspidal datum. Let E(g, ϕ, λ) be an Eisenstein series where ϕ
Here the volume v appears because the measure on a 0 is defined using co-weights
So v is equal to the order of the fundamental group of Φ [Hu, page 68] for simply laced groups. For example, v = n for SL n ; v = 2 for E 7 , v = 4 for D l , v = 3 for E 6 .
Main result
Now we consider the special case of the G split, semi-simple group, ϕ = 1: The constant term of E(g, 1, λ) along the Borel subgroup is given by
where ρ = ρ B , and
by the Gindikin-Karpelevich formula. Here ξ F is the Dedekind zeta function with the usual γ-factors, namely, ξ
, where ζ F (s) is the Dedekind zeta function, [F : Q] = N = r 1 + 2r 2 , and d F is the discriminant. Also r 1 (r 2 ) is the number of real (complex) places of F , resp.
Then
, where h is the class number, R the regulator, and w the number of roots of unity in F . We see that
Hence we have
wλ+ρ,H(m) = 1 for m ∈ M (A) 1 . We look at the residue at λ = ρ. Langlands [La] showed that the residue of E(g, 1, λ) at λ = ρ is constant. Hence the residue is given by the residue of the constant term along the Borel subgroup. Note that ρ, α ∨ = 1 for α ∈ ∆ 0 and ρ, α
where w 0 is the longest Weyl group element, i.e.,
where r is the rank of G. Now by Corollary 2,
So the residue at λ = ρ of the left-hand side of ( * ) is
On the other hand, the residue at λ = ρ of the right-hand side of ( * ) is
Also given w ∈ Ω, the sets α ∈ ∆ 0 : wα < 0 and α ∈ ∆ 0 : wα ∈ ∆ 0 are disjoint. Let W 0 be the set of all w ∈ Ω such that
Note that w = 1 ∈ W 0 and it gives rise to 1. Also w = w 0 ∈ W 0 and it gives rise to (−2)
We claim that there is one to one correspondence between W 0 and the standard parabolic subgroups of G. The correspondence is as follows: Given w ∈ W 0 , let J w = {α ∈ ∆ 0 : wα ∈ ∆ 0 }. Let P = P w be the standard parabolic subgroup corresponding to J w .
Conversely We claim that if w ∈ W 0 , wρ, α
Theorem 4. Let F(T ) be the truncated domain for a sufficiently positive T . Then
Vol
Note that as T → ∞, only the term corresponding to w = 1 survives and the limit is exactly the volume of the fundamental domain given by Langlands [La] , namely,
Corollary 5 (Langlands). If F is the fundamental domain, then
We note that if w ∈ W 0 , r w + n i,w = 0, and − n i = r, the rank of G, − n i is the number of positive roots such that ρ, α ∨ = 1. It is exactly r. Similarly, − n i,w is the number of positive roots such that wα < 0, and ρ, α ∨ = 1. It is exactly r w = rankP w . So r w + (−n i + n i,w ) = r for each w ∈ W 0 . Then we can write the formula in Theorem 4 as Corollary 6. Let F(T ) be the truncated domain for a sufficiently positive T . Then
Remark. The formula, as it stands, suggests that volumes of cuspidal regions corresponding to parabolic subgroups can be written in terms of special zeta values as well.
We look at three examples. Then there are 4 standard parabolic subgroups corresponding to
Accordingly, v = 1, and Accordingly, v = 4, and
Example 3. More generally, let G = SL n . Let ∆ 0 = {e 1 − e 2 , ..., e n−1 − e n }. In this case, n i = −1 for i = 2, ..., n; ρ = 
